
tory convergence in 25 iterations for N up to 10 stages 
with initial guesses far removed from the correct values. 
The values obtained agree with those given by Frank 
(11) for N = 2,3,5,8, and 10 stages with A0 = B N - ~  
= 1.0,  AN-^ = Bo = 0, kl8 = 4, and initial guesses 
An(o) = Bn(0) = 0.5 for n = 1, . , . , N .  This method is 
much more stable than the iterative methods discussed by 
Frank. Also it is much simpler and faster than the tech- 
nique finally adopted by Frank of solving the transient 
differential equations of the system numerically in order 
to obtain the steady state values. The advantages relative 
to this last method can be expected to increase with the 
complexity of the reaction system. 

This example clearly indicates that the development 
of efficient computational schemes for process design often 
depends on the direct examination of the equations de- 
scribing individual process units. The next paper of this 
series presents a systematic means of representing and 
utilizing the structural properties of the system of equa- 
tions associated with optimizing a process design. 
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The Estimation of Parameters for a 

Commonly Used Stochastic Model 
A. L. SWEET and J. L. BOGDANOFF 

Purdue University, Lafayette, Indiana 

A region into which particles arrive in a random manner, remain a random amount of time, 
and then leave is considered. This model is used in penetration theories of heat and mass 
transfer. From observations of the number of particles present at any time, it is desired to 
estimate arrival and exit statistics, residence time statistics, and average rates of transfer 
across the region. Assuming arrival is a Poisson process, equations governing the above 
statistics are derived. Some problems in spectral analysis arising from the use of nondifferenti- 
able stochastic processes are solved. Estimators for important parameters are discussed, and 
it is shown that generally they are biased. A derivation linking the rate of transfer across 
the region with the rates of transfer of particles is obtained and compared with other such 
results. 

Consider a region into which particles arrive in a ran- 
dom manner, remain a random amount of time, and then 
leave. This paper is concerned with the particular prob- 
lem of estimating various physical properties of interest 
exclusively from counts of the number of particles present 
in the region at any time. This problem appeared in the 
literature in 1916 (14) in connection with investigations 
of colloid statistics, and again in 1953 (1) in connection 
with estimating the speed of organisms. In 1954, under 
the assumption that the arrival process is Poisson, general 
results concerning properties of the number of particles 
in the region were derived (2). Recently, in application 
to heat transfer in fluidized beds (3), a set of assumptions 
about the physical nature of the arrival process led to re- 
sults which, in part, were identical to those obtained (2). 
Because the previous work has been done in widely differ- 
ing fields and on different aspects of this problem, and 
also because of a number of unusual features connected 
with the estimation problem, the authors felt further dis- 
cussion of the problem to be worthwhile. In particular, 
this paper discusses the estimation of the following quan- 

tities: entrance and exit statistics of the particles, resi- 
dence times of the particles, and transfer properties of 
the region, in order to show that consistent estimators of 
the above properties are biased. The use of both covari- 
ances and spectra are discussed. 

THEORY 

Let R ( t )  be a random variable which represents the 
number of particles that enter a region in a time interval 
(0, t ) ,  and assume that R ( t )  is a Poisson process with 
parameter A, so that 

e--ht( At)' , i = 0 , 1 , 2  ... (1) 

Let N ( t )  be a random variable which represents the num- 
ber of particles in the region at time t (henceforth called 
the population), and let TI  be a non-negative continuous 
random variable which represents the residence time of 
the jth particle in the region. Assume that the Tj's are 

p ~ ( i )  = P [ R * ( t )  = i ]  = 
i!  
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independent of each other and of R ( t ) ,  and identically 
distributed with mean 8 and finite variance. Let F T ( x )  
and fT(x) be the distribution function and density func- 
tion, respectively, of Tj. Let Aj be a random variable 
which represents the time of arrival of the jth particle into 
the region. Use will be made of the following theorem ( 4 ) .  

Let R ( t )  be a Poisson process with parameter A. Under 
the condition that k events have occurred in the interval 
(0, t) the k times tl, tz ,  . . ., t k  at which events occur, 
considered as unordered random variables, are distributed 
uniformly and independently in the interval (0, t )  . 

Thus, in what follows, the Aj will be taken as uniformly 
distributed in (0, t ) .  Henceforth the subscript on A and 
T will be dropped. 

The probability mass function of the population at time 
t is ( 5 )  

pN(j) = P [ N ( t )  = i1 
m 

= C P [ R ( ~ )  = i + i ]  P 

[ i particles leave the region before t I R ( t )  = j + i ]  
i = O  

where 
qt.7 = P [a particle leaves after t + T 1 

the particle was present at t ]  
- P [ A L t ,  A + T A t + T ]  - 

P [ A L t ,  A +  T h t ]  

and a7 is given by Equation (3) with t replaced by T. 

so it is noted that 
As before, only stationary results will be of interest, and 

By using Equations (2),  (8), ( lo) ,  and (11) in Equa- e-x*(l-a')[At( 1 - at) ] I  - - , i=O,1 ,2  ,..., (2) i! tion (6) 

where 

at = P [a particle arrives and leaves in (0, t) 3 
1 t  
t 

= P [ A + T L t ]  =-$ ( t - x ) f T ( x )  dx (3) 

Estimators will later be discussed only for the stationary 
process, and so it is noted that because T has finite mean 
0 (612 

b At(l-at) = A t ' = r  (4) 
h m  

and 

-T[z - q7 ( 1  - en - e@ + e a t @ )  - e' - e@l 
F(ff? 8 )  
= lim +(a ,B)  = e 
k m 

(12) 
The stationary covariance of the population, first de- 

rived in (Z), may now be computed as 

r (7 )  = lim { E  N ( t )  N ( t  + T )  - E N ( t )  E N ( t  + T ) }  
k m 

J a=O 

p = 0  

m 
The joint moment generating function of the population =T-A$ P [ T > x ]  dx (13) 

1s 

$(a, @) = E eaN(t) -k BN(t+T) 

0 0 0 0  

- 
- i = O  3-0 . - Z ) P [ N ( t )  = i ]  

X P [ N ( t  + 7 )  = j I N ( t )  = i] cPitBj (6) 

Following (3), let 

N ( t  + T) = L(T) + s ( t , T )  (7) 
where L(T) is the number of particles which arrive at 
the region during (t, t + T )  and are still present at t + T, 

and S (t,  T )  is the number of particles present at t and still 
present at t + T. Because of the properties of the arrival 
Poisson process, L(7) is independent of N ( t )  and of 
S(t,  T) .  Thus 

P [ L ( T )  + s ( t , T )  = j I N ( t )  = i ]  

= 2 P[N(T) = k ]  P 

[ S ( t  + T )  = j -  k I N ( t )  = i ]  
k = m h  LO, j - i l  

for T 0, with 

r ( - T )  = r ( T )  (13a) 
In what follows only the case T 0 will be considered, 
relations of Equation (13u) being implied for negative T. 

Note that 

r'(T) = - A x "  f T ( X )  dx (14) 

where the prime denotes differentiation with respect to T, 

so that 

r'(o+) = - A  [observe that r'(O-) = A ]  (15) 
and 

r"(7) = AfT-7) (16) 
Note that r'(0) is zero for stationary stochastic proc- 

esses which are (mean square) differentiable (7), but as 
N ( t )  is not a differentiable process, Equation (15) does 
not present a paradox. Recalling that for an exponential 
f T ( 1 ~ )  the probability of staying an additional length of 
time t is independent of the time already spent in resi- 
dence, it is seen that under such a condition N ( t )  is a 
Markov immigration-death process (8) ; otherwise it may 
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not be a Markov process. 
In dealing with stationary processes, it is often conveni- 

ent to deal with the spectral density, rather than the co- 
variance. The assumption that T has a finite variance 
leads to the fact that the stationary covariance (13) is 
then absolutely integrable from (-w, 00); it thus has a 
power spectral density function PN(O) defined by the 
equation 

Let 

where the characteristic function of T is defined as 

( P T ( a )  = 1" f T ( X )  eiwz dx 

Then, from Equations (17) and (18), 

1 
27r P N ( w )  = - [ g ( w )  + g ( -  0 )  1 = 

A "  
= -s (1 -COS o X )  f T ( X ) d X  

5763 0 

a result first obtained in (2).  This formula is of interest 
in the following; therefore, it will be examined in some 
detail. 

Note that since f T ( x )  is zero for x < 0, ( P T ( O )  is com- 
plex with the properties 

(PT(0) = 1 
( P T ( w ) + O  as o+ w 
(PT (- o) = complex conjugate of (PT ( 0 )  (20) 

It is clear that p N ( w )  is real and symmetric in o. Next, 
note that 

A 
7r 0 2  

p N ( 0 )  E- for large o (21) 

and that 

Thus, p N  ( 0 )  is finite at the origin, decreases like A/, o2 
for large W, and is absolutely integrable from -cc) to cc). 

While the formula 

r(T) = s_", p N ( o )  e i u T A  (23) 

is valid, differentiation of it with respect to T to obtain a 
formula for F ( T )  is not justified since 

is unbounded. Moreover, since N ( t )  is not differentiable 
in mean square and since r'(T) may be interpreted as the 
covariance of N ( t )  fi ( t  + T )  , where t is large and the dot 
over N ( t  + T )  denotes time differentiation, the usual in- 
terpretation of P ( T )  is also not valid. 

To obtain a formula for r(7) in terms of ~ N ( o ) ,  note 

first that P ( T )  has a Fourier transform given by 

A study of Equations (19) and (24) shows that p~(o) 
is a function of just the real part of ( P T ( o ) ,  while pr,(o) 
is a function of just the imaginary part of (PT ( w )  . Thus, 

where 

$" f T ( X )  s i n o x d x  
y = tan-' (26) la ~ T ( x )  cos o x d x 

Since in (26), p r . ( w )  is related to ~ N ( o )  through ~ T ( x ) ,  
this is not a useful result. In order to eliminate ( P T ( O )  
from the relationship between p r , ( o )  and ~N(o), the 
Hilbert transform H ,  which relates the real and imaginary 
parts of a complex function (9), can be used. It can be 
seen that 

where P denotes the principal value of the integral, and 
thus 

However, and this is an interesting point, it can be shown 
that the formula one would use if N ( t )  were differenti- 
able, namely 

W 

~ ( 7 )  = J-, ioeiu7 r ) N ( w )  do (29) 

is correct except at T = 0. By substituting Equation (19) 
into Equation (29), the result is Equation (14) if T # 0. 

In order to relate r"(7) to ~ N ( o ) ,  it is seen that the 
Fourier transform of r''(7) is 

and thus 

for all T including T = 0. 
Note that in the case of r " (~) ,  another differentiation of 
Equation (29) does not yield the correct result. 

Consideration of the number of particles which leave 
the region in the interval (0, t ) ,  denoted by the random 
variable D ( t )  , leads to 

po(k) = P [ D ( t )  = k] 
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m 

= P [ R ( t )  = k + i ]  P [ D ( t )  = k ( R ( t )  - k + i ]  
i=0 

eeAtat _ -  - , k = 0 , 1 , 2  ... (33) 
k! 

As t becomes large, it is seen that 

( A t )  k e-xt 
pD(k) N_ k! , k=O,1,2,  ... (34) 

In order to investigate the fluctuations in the population, 
consider the random variable 

AN(T) = lim [ N ( t  + 7) -N( t ) I  (35) 
t+m 

Then for i > 0, 

p A N ( i )  

= P[AN(T) = i ]  = 2 lim P[N( t  + 7 )  - N ( t )  = il 
h m  

=!2 h P[H(T) - v ( t ,T )  = i ]  (36) 
h m  

and 
P A N ( ( ) )  = l h  P[H(T) -v(t,T) = 01 (37) 

h m  

where V ( t ,  T) is the number of particles present at t that 
are not present at t f T. Using the fact that H and V are 
independent, and Equation ( l l ) ,  it is seen that 

m m  m 

l=m-j  

where Zj(x) is a Bessel function of order i with complex 
argument. Note that the assumption of symmetry in Equa- 
tion (36) actually follows from carrying out the summa- 
tions in Equation (38).  

Equations similar in form to (38) and (39) were de- 
rived ( 3 )  by assuming R ( t )  and D ( t )  to be independent 
random variables. This is approximately true only for small 
7, and thus the results in ( 3 )  are approximations to Equa- 
tions (38) and (39), and agreement up to terms of order 
T in a Taylor's series exists. 

TRANSFER PROPERTIES 

In order to consider the transfer properties of the region, 
assume that each particle can transfer a positive quantity 
h according to the equation 

G 

h ( G )  = u(x)  dx (40) 
where G is a random variable that denotes the amount of 
time which the particle has spent in the region if the re- 
gion is examined at  t (sometimes denoted by age). The 
function u ( t )  is a time rate of transfer for the particle, 
and is assumed to be h i t e  for all t. Then the total amount 
of quantity transferred during (0, t )  is (assuming no parti- 
cles to be present at 0) 

Assuming each particle to be independent of the others 
and of R ( t ) ,  it can be shown that (10) 

E Q ( t )  = E R ( t )  E h ( G )  = A  t E h ( G )  (42) 
Now, 

h ( G )  = it h ( g )  f G ( g )  dg (43) 

and given that a particle has arrived during (0, t )  , 
F G ( g )  = P [ A + T > t ,  A > t - g ]  

+ P [ A + T L t ,  T A g ]  

0 9 g < o  

and using Equations 
yields 

E Q ( t )  = A  it h(g 

0 , otherwise 

(44) 
(43) and (44) in Equation (42) 

(45) 
By using Equation (45), and replacing t by t' + t, it 

can be shown that for the stationary process (t' + co ) , 

This result does not depend on the fact that no particles 
were assumed to be present at 0, as the contribution due 
to the number of particles initially present goes to zero 
in the limiting stationary process. 

Equation (46) was obtained in ( 3 )  on the basis of an 
assumption which will now be discussed. 

I t  can be shown that for the particular model under 
discussion (employing a commonly used notation) 

P C T > g l d g  - - 
0 

P [a particle is present between g and g + dg I the 

particle was present at g] (47) 
and the quantity on the left hand side of Equation (47) 
has been equated to an age distribution of elements by 
Zwieterling (11  ) . With the interpretation given by Equa- 
tion (47), it is seen that the integral on the right hand 
side of Equation (46) represents the rate of transfer aver- 
aged over particles present in the region. The assumption 
that the average rate of transfer for the region is equal to 
the rates of transfer for individual particles averaged over 
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all particles present has been implicitly assumed in the 
work of Danckwerts (12)  and by other authors since then 

tion of time, the integral in Equation (46) does not repre- 
sent the average rate of transfer of the region, but the rate 

is only in the above sense that this particulate model under 
discussion yields a rate of transfer for the region. 

and thus even asymptotically, A1 is a biased estimator of 
h. For comparison, the estimator used in (3) was 

( 3 ) .  However, because Q ( t )  is not a differentiable func- n-1 

2 p i + 1 -  Nil 
i = l  of average transfer. Because Q ( t )  is not differentiable, it h2 = lim (57) 

t+m 2At(n-1)  

and using Equation (38), it can be shown that 

ESTIMATORS 

Consider sampling the stationary population at intervals 
of length At. Let 

and 

rj = lim { E  N ( t  + iAt) N ( t  + hit + jAt) 

Ni = N ( t  + iAt), i = 1,2, . . ., n (48) 

t+ m 

- E N ( t  + h t )  E N ( t  + ht + j A t ) }  =Eqj, 
i = O , 1 ,  ...., n - 1  ( 4 9 )  

An estimator for the average population size, v, may be 
found from 

n 

A i = l  
N =  

n 

where n is the number of observations of N ( t )  . 
A 

It is seen that N is an unbiased estimator of r, since 

A 
E N = T  (51) 

A 

A 
To show that N is a consistent estimator of note that 

the variance of N is 

and that as n approaches infinity, the use of Equation 

(13) and 8 < 00 are sufficient for var N to approach zero. 
In order to determine the statistics of the arrival and 

departure processes from observations of N ( t )  , examina- 
tion of Equations (1)  and (34) reveal that only an esti- 
mate of h is necessary, and Equation (15) offers a hint 
for constructing such an estimator. Let 

A 

i = l  
A1 = (53) 

( n -  1)At 

Then 

where the last result holds for small At. An estimator sug- 
gested by the material in ( 1 )  is 

n-1  

2 lNi+l-Ni12 

and it can be shown that 

Thus A3 has less bias than both A1 and A2 for fixed values 
of n and At. All three of these estimators are consistent, 
but for fixed n, it can be shown that var A2 < var A3 < 
var hl, where the last inequality is correct for the practical 
conditions of x large and r,/m close to one. Equation 
( 2 2 )  shows that A is proportional to a spectral density, 
and it is well known (13)  that unbiased estimates of spec- 
tral densities are not consistent. Consistency is obtained 
only if smoothing is used, and the smoothing procedure 
introduces a bias. It thus appears that unbiased and con- 
sistent estimators of h are not available. However, there 
is one situation where it is possible to achieve an unbiased 
and consistent estimator h, and that is when a physical 
situation exists where a particle must spend a minimum 
time m in the region. Then, 

P [ T < m ]  = O  (61) 
and it can be shown that Equation ( 1 0 )  holds for T > m, 
and that 

(x -T )  ~ T ( x )  d x =  1--r- T L m  ( 6 2 )  
8 ’  

Under these conditions, if at < m, h3 is an unbiased and 
consistent estimator of h, while A1 is asymptotically un- 
biased and consistent. 

The estimation of the derivative of the average transfer 
across the region, given by Equation (46),  depends on 
estimating r’(7), and an estimator of the finite difference 
of r ’ (T)  at a time T = jAt (with 7 assumed known for 
simplicity) shows that 

x (63) 
lim EX1 cih--At f ~ ( 0 )  
-00 2 (%) for small At. An alternative is to use Equation ( 2 8 ) ,  but 
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the problems inherent in estimating p ~ ( o )  will not be 
discussed in this paper. 

No simple estimators could be found for the residence 
time problem which depended only on the statistics of 
the population, for A always appeared coupled with fT(X). 
Thus, Equation (4)  could be used to estimate 16 by taking 
the ratio of estimates for R and A, and similarly the second 
moment of T could be estimated using Equation (21) .  
The properties of such estimators were not investigated, 
for they depend on joint distribution functions of higher 
order than were derived in this paper. 

CONCLUSIONS 

A commonly used stochastic model was discussed, and 
some basic formulas previously scattered in the literature 
were rederived. New results in terms of the spectral den- 
sity of the population were obtained, and some interesting 
problems arising from the nondifferentiability of the ran- 
dom functions involved were discussed. Expressions for 
the probability mass functions of the exit process and of 
the absolute value of the fluctuations of the population 
were derived. This last result was used to compute the 
bias of various consistent estimators of the arrival rate. 
A physical situation where one can obtain zero bias was 
illustrated. 

A derivation of a formula previously used in studies of 
heat transfer across a region was also presented. 
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NOTATION 

u7, at 

A,Aj 

D ( t )  

E = expectation operator 
~ T ( x ) ,  ~ G ( x )  = Probability density function of the sub- 

FT ( X )  , FG ( x )  = probability distribution function of the 

g = age 
g(o) 
G 

h ( G )  

H [  1 = Hilbert transform 
I j ( x )  = Bessel function of order j with imaginary argu- 

ment 
L ( T )  = random variable representing the number of 

particles which arrive during (t,  t + T )  and 
are still present at t + T 

m = minimum residence time 
n = number of observations of N ( t )  
N ( t ) ,  Ni = random variable representing the number of 

particles present at times t and hit respectively 
N = mean number of particles present in the sta- 
A tionary state 
N = estimator of 77 
p D ( i )  

p N ( j )  

= probability of a particle leaving before the 

= random variable representing the time of ar- 

= random variable representing the number of 

subscripted time 

rival of a particle 

particles leaving in the interval (0, t )  

scripted random variable 

subscripted random variable 

= one sided Fourier transform of r ( T )  

= random variable representing the age of a par- 

= random function representing the amount of 
ticle 

quantity transferred 

- 

= probability mass function of the random vari- 

= probability mass function of the random vari- 
able D 

able N 

able AN 

able R 

= probability mass function of the random vari- 

= probability mass function of the random vari- 

= spectral density of N ( t )  in the stationary state 
= Fourier transform of r‘ ( T )  

= Fourier transform of r ” ( T )  

= principal value of an integral 
= conditional probability that a particle leaves 

after t + T ,  given the particle was present at t 
= the limit of qt,T for large t 
= total amount of quantity transferred in the 

interval (0 ,  t )  
= random variable representing the number of 

particles that arrive in the interval (0, t )  
= random variable representing the number of 

particles present at t and still present at t + T 

= time 
= random variable representing the residence 

= time rate of transfer of a particle 
= random variable representing the number of 

particles present at t and not present at t + T 

time of a particle 

Greek Letters 
a! = parameter in joint moment generating function 
B = parameter in joint moment generating function 
Y = phase angle between components of ( P T ( o )  

r(r) = stationary covariance of population 
ri = r ( T )  with7 = jAt 
AN (T) = absolute value of fluctuation of N ( t )  over an 

interval of time T in the stationary state 
At = sampling interval 
6 
A 
hl ,  A2, A3 = estimators of h 
A4 = estimator of P(T) 
T = time interval 
( O T ( O )  
+(a, 8) = joint moment generating function of N ( t )  and 

+(a, 8) = limiting value of +(a, 8 )  for large t 
0 = frequency, radians/second 

= mean residence time of a particle 
= parameter in Poisson probability mass function 

= characteristic function of fT(x) 

N ( t  + T )  - 
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